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Abstract--Parallel theoretical and numerical analyses have been conducted for the prediction of 
the mean bulk temperatures of hot fluids flowing inside circular tubes. Heat exchange between an 
internal forced flow and an external, normal forced flow of a cold fluid occurs through the tube wall. 
The formal mathematical formulation of this physical problem is expressed in terms of a 2-D, partial 
differential equation of parabolic type with a Robin boundary condition at the tube wall. The aim 
of the paper is to critically examine the thermal response of the internal flows implementing two 
different mathematical models: a 2-D differential-based model and a 1-D lumped model. The key 
element for the latter is that streamwise-mean, internal Nusselt numbers and circumferential-mean, 
external Nusselt numbers are taken from standard correlations equations based on a Dirichlet bound- 
ary condition at the tube wall. The combination of these Nusselt numbers leads to the calculation of 
a mean, equivalent Nnsselt number, which serves to regulate the thermal interaction between the two 
perpendicular, unmixed fluid streams, one hot and the other cold. The computed results consistently 
demonstrate that the 1-D lumped model, associated with hand calculations of an algebraic expres- 
sion, provides accurate estimates of the mean bulk temperature distribution when compared with the 
exact ones computed with the mathematical 2-D distributed model and a personal computer. 
KeywordswLumped model, Energy equation, Dirichlet and Robin boundary conditions. 
NOMENCLATURE 
Bi local Biot number, heR/ki L length of the heat exchange region 
cpi specific heat of internal f uid L ~ dimensionless L, L/R Pei 
D tube diameter ¢ni mass flow rate of the internal f uid 
he local, external convective coefficient Nue local, external Nuaselt number, 
he circumferential-mean of he he D/ke 
hi local, internal convective coefficient Nue circumferential-mean of Nue 
hi streamwise-mean of hi Nui local, internal Nusselt number, 
hi D/ki heq local, equivalent convective 
coefficient, or U Nui streamwise-mean of Nui 
heq streamwise-mean of heq Nueq local, equivalent Nusselt number, 
UD/ki 
k, thermal conductivity ofexternal 
fluid N-ueq mean of Nueq 
ki thermal conductivity of internal Pe~ internal Peclet number, R~ Pri 
fluid Pr Prandtl number, v/a 
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Qt total heat transfer z axial coordinate 
r radial coordinate Z dimensionless z, z/R Pei 
R tube radius GREEK SYMBOLS 
Re~ internal Reynolds number, ~D/vi a thermal diffusivity 
Ree external Reynolds number, ~D/ve T/ dimensionless r 
Steq local, equivalent Stanton umber, 0 dimensionless T 
Nueq/Rel Pri 
v kinematic viscosity Steq streamwise-mean of Steq 
dimensionless QtT local temperature 
U local, overall heat transfer coeffi- SUBSCRIPTS 
cient, or heq b mean bulk 
U mean of U e external f uid 
v normal velocity of external f uid i internal fluid 
mean of v o entrance 
w axial velocity of internal fluid w wall 
mean of w oo free-stream 
W dimensionless w 
1. INTRODUCTION 
This paper documents the prediction of the mean bulk temperatures and heat exchange rates 
of hot/cold fluids moving laminarly inside tubes which are liberating/receiving heat by forced 
convection to/from an external cross fluid flow. This situation represents a realistic problem in 
petrochemical, metallurgical, and power plants that utilize fluids for various operational processes. 
The temperature decay/gain of the internal fluid inside the tube is vulnerable to the strength 
of the external forced convection that initiates at the origin of the heat exchange region and 
progresses in a decaying fashion to the downstream zones of the tube [1,2]. Within the context of 
convective heat transfer theory, the present investigation encompasses a laminar forced convection 
problem, in which a convective (Robin) boundary condition at the tube wall overlooks the heat 
liberation/reception through the entire length of a heat exchange region [3]. The unique feature 
of the local, external convective coefficient he appearing in the convective (Robin) boundary 
condition is its invariance with both the axial coordinate z and the wall temperature Tw. Of 
course, this behavior applies to mild variations of temperature. 
For the analysis of the above problem, the Biot number (a dimensionless group) has been 
traditionally considered the quantity of practical interest. The thermal characteristics of the 
internal tube flow required a knowledge of a collection of eigenvalues and eigenfunctions a sociated 
with the resulting boundary value problem. Hsu [4] solved such an eigenvalue problem numerically 
and also presented some asymptotic expressions. Ozisik and Sadeghipour [5] computed accurate 
analytical expressions for the determination of the eigenquantities. Focusing on the magnitude 
of the Nusselt number for heat transfer calculations, both references covered a range of Bi from 
zero up to 100, where the eigenquantities were tabulated for certain values of Bi contained in that 
interval. For those values of Bi not shown in the tables of references [4,5], the eigenquantities 
needed to be interpolated. 
In this paper, two different mathematical pproaches will be explored in depth to solve the 
forced convection problem. One formulation isgoverned by a 2-D energy conservation equation for 
the inner fluid subjected to a convective (Robin) boundary condition. This is traditionally written 
in terms of a Biot number [4,5], which nonetheless i its formal mathematical representation. 
Instead, the boundary condition will be expressed in its equivalent form, namely, a product of the 
circumferential-mean external Nusselt number and the fluid thermal conductivity ratio in order 
to inject a physical flavor to the calculations, rather than a mere mathematical exercise. By virtue 
of the linearity of the convective boundary condition, either analytical or numerical procedures 
of the 2-D partial differential energy conservation equation seem to be adequate. Dependable 
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correlation equations characterizing the forced convection flow normal to an isothermal solid 
cylinder are usually deduced from theoretical analyses, numerical computations, or experimental 
observations. This wide spectrum of information abounds in heat transfer textbooks, and the 
analyst simply has to choose one among several Nue-correlation equations that are available. 
Alternatively, the second objective of this paper is to address the just-described problem, but 
from a physical framework which is more accessible to analysts that need accurate and fast 
calculations. In this sense, the main goal here is to implement a 1-D lumped energy equation 
having as input data the axial variations of the inner Nusselt number and the angular variation of 
the outer Nusselt numbers (inner and outer heat ransfer coefficients) both under the idealization 
that a uniform isothermal wall temperature prevails in a thermodynamic control volume. Here 
again, this information is usually condensed in terms of correlation equations and can be found 
in textbooks on heat transfer. 
The calculation procedure resting on a 1-D lumped energy balance is characterized by the 
simplest ordinary differential equation of first order embracing either a local or a mean, equivalent 
Nusselt number. Utilizing the latter, computation ofthe variation of the mean bulk temperature 
of the internal fluid is performed quickly by evaluating a single exponential function by hand 
or with a pocket-size calculator. The proposed algebraic approach as been tested for a wide 
combination of internal and external fluids of physical significance (both having Pr _> 0.7) and 
proved to be a very effective and economical procedure for the prediction of mean bulk (global) 
temperatures of the internal fluid, wall (local) temperatures of the tube, and total heat transfer 
rates. Even more important, he elementary algebraic technique may provide the analyst with a 
powerful tool to get quick and reliable results without he need of a computer. 
2. TWO-DIMENSIONAL DIFFERENTIAL MODEL: 
CONVECTIVE (ROBIN) BOUNDARY CONDITION 
Figure 1 depicts a tube flow wherein an internal fluid exchanges heat with an external, forced 
cross flow of an equal or unequal fluid. At z = 0, the internal fluid possesses a fully established 
laminar velocity w(r) = 2~(1 - r2/R 2) valid for Reynolds numbers less than 2300, and a uniform 
temperature To. The free-stream velocity and temperature of the external f uid are F and Too, re- 
spectively. The mathematical formulation of the combined internal/external convection problem 
is given by a dimensionless 2-D energy conservation equation 
(00) 00 _ 1 0 7}~-~ (1) 
(a-v 2) 0Z roy 
under the customary idealization that the thermophysical properties of both fluids (internal and 
external) are unaltered by temperature changes. The exclusion of this idealization does not 
influence the mathematical formulation i  a significant manner. 
Equation (1) is a partial differential equation of parabolic type, which is subjected to an entrance 
boundary condition, 
0(i, ~/) = 1, (2) 
a symmetrical boundary condition, 
O0 
~-~(Z, 0) = 0, (3) 
and a convective (Robin) boundary condition, 
~(Z,  1) = 1). (4) Bi0(Z, 
For simplicity, low-Peclet-number flows (i.e., Pei < 50) are excluded from the analysis because 
the axial conduction mechanism tends to invalidate the prevalent assumptions [1,2]. 
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Figure 1. Physical system and the thermal circuit representation needed for the 1-D 
lumped model. 
The above-postulated problem is specified by three dimensionless variables, 8, Z, and ~/, and 
one dimensionless group, the Biot number, Bi. They are defined by 
T - Too z r her  
- -  = RPei' = R'  = k, tg= To _ Too, Z r I Bi (5) 
The linear relationship between the Biot number and the circumferential-mean xternal Nusselt 
number is conveniently expressed by the relation 
2Bi= ~ N--~, (6) 
where the proportionality constant is the thermal conductivity ratio ke/ki  of the participating 
external and internal fluids. 
The temperature fi ld 8(Z, ~/) of the internal fluid may be determined by solving the system 
of equations (1)-(4) either analytically, as was done in [4,5], or numerically. Here, we opted for 
the latter. Once this step has been accomplished and the temperature fi ld has been determined, 
the thermal characteristics of the internal fluid stream are quantified by the dimensionless mean 
bulk temperature distribution 8b(Z): 
Ob(Z ) _~ fA WOdA (7) 
fAWd A ' 
which is one of the two important thermal quantities for applications. 
The other quantity of importance is the total heat transferred Qt, in a length L of the heat 
exchange region, which may be computed either 
(a) indirectly, by introducing the standard, local tube Nusselt number, or 
(b) directly, by invoking an overall thermodynamic energy balance. 
For the former procedure, 
2°e IZ  1) hiD - -~nk ' 
Nui(Z) = ki Oh(Z) ' (8) 
where this Nusselt number is nothing more than a dimensionless version of an artificial thermal 
quantity, the so-called local, internal convective coefficient hi. Therefore, for its construction, 
the ratio between the wall temperature gradient distribution and the mean bulk temperature 
distribution eeds to be accurately obtained. For the latter procedure, attention is focused on 
the origin of the heat exchange section, z = 0, and any downstream station, z = L, in the tube. 
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As suggested by Jakob [6], the thermal quantity Qt may be determined in a physical sense, via 
an overall energy balance 
Qt = rhicpi [To - Tb(z = L)  l . (9) 
Next, upon defining a dimensionless total heat transfer, f~, the preceding equation may be recast 
in compact form as 
Qt 
Q -- Qidea----~ - 1 - Oh, (10) 
where the ideal rate of heat transfer in the denominator is 
Qideal = rh~cpi(To - Too). (11) 
Notice that the numerical values of f~ and 1 - /9  5 in equation (10) are similar, permitting us to 
establish a one-to-one correspondence b tween these two thermal quantities of global character. 
Undoubtedly, this approach relying on algebraic alculations seems to be advantageous because 
an analytical correlation equation for the dimensionless total heat transfer may be constructed 
immediately. This aspect will be explained later. 
2.1. Convective (Robin) Boundary Condition: 
External  Forced Convection Normal to a Solid Cyl inder 
Now, we turn our attention to the cooling/heating process that occurs at the outer region of 
the tube which will supply one component ofthe linear, convective boundary condition, i.e., equa- 
tion (4). This boundary condition is also called the Robin boundary condition in the mathemati- 
cal literature [7]. For instance, the circumferential-mean xternal Nusselt number N'-ue needed in 
equation (4) may be associated with that of forced convection heat transfer normal to an isother- 
mal, long solid cylinder. Therefore, the circumferential-mean xternal Nusselt number N-ue over 
the periphery of the long cylinder is representative of laminar-transitional-turbulent forced con- 
vection bathing it, where both the normal velocity and the temperature d velop in a boundary 
layer fashion simultaneously. This overall thermal quantity Nue may come from various ources: 
theoretical nalysis, numerical computations, or experimental observations. Unquestionably, the 
choice of a dependable correlation equation describing Nue must be of general character covering 
a wide range of external Reynolds numbers Ree applicable to various fluids, so that a complete 
representation given by the generalized function Nue = f(Ree, Pr~) becomes available. This se- 
lection, indeed, constitutes a crucial step in the analysis, where a circumferential-mean xternal 
convection Nusselt number Nue has to be applied at any fixed, downstream station Z in the tube. 
Therefore, the comprehensive correlation equations proposed by Churchill and Bernstein [8] have 
been adopted here: 
- -  o.62C   
Nue = 0.3 + ¢(Pre) ' Ree < 104 , (12a) 
- ( 
Nue=0.3+ ¢(Pre) 1+ \282---~00] j ,  2x104<Ree<4x105 , (12b) 
- 0.62e = [ ( Re, 
Nue = 0.3 + ¢(Pre) L1 + \28- -,000] j ' 4 x lO s < Ree < 5 x 106. (12c) 
These correlation equations include laminar, transitional, and turbulent flows and are valid for 
Pre > 0.5. The Prandtl number function ¢(Pre) covers everal fluids, i.e., gases, liquids, and oils: 
¢(Pre) = [1 + (0.4/Pre) 2'3] 1/4 
p1/3 (13) 
Ae 
Note that the thermophysical properties appearing in equations (12) and (13) are evaluated at 
the film temperature Tf  = (T,~ + Too)/2. 
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2.2. Numerical Procedure 
The finite volume method [9] was employed for the numerical calculations ofequations (1)-(4). 
The physical domain was divided into contiguous control volumes uch that the grid for the 
calculation domain becomes a rectangle. Therefore, the discretized energy equation (1) for a 
typical node P in Figure 2 is represented by a linear algebraic equation 
ap~p = aE~E -}- aWSW '1- aNON '}- aSSS J,- aUP~Up, (14) 
where the product auPSup denotes the source term. Accordingly, the resulting system of al- 
gebraic equations was calculated by the standard line-by-line procedure of the Tri-Diagonal- 
Matrix-Algorithm (TDMA) incorporating the block correction algorithm of Settari and Aziz [10] 
to improve convergence. 
N 
w E 
W e 
x 
Figure 2. Control volume for the 2-D distributed model. 
A sensitivity analysis for the optimization of the grid reflected that a nonuniform 20 x 20 grid 
in the Z x r/computational domain provided accurate mean bulk temperature distributions for 
the internal fluid (a global quantity). 
Solution of the algebraic equations was accomplished by a marching procedure along the axial 
direction Z until the fully developed thermal regime was attained. The axial steps AZ were 
chosen nonuniformly also, such that they were smaller near the entrance, Z = 0, increasing in 
size gradually in the downstream region of the tube. An overall examination ofthe computations 
indicated that the calculated global results for the total heat transfer are accurate to at least 0.1 
percent. As an additional test, excellent results for the convective problem with a temperature 
boundary condition (equivalent to a large Blot number, Bi = 100) have been obtained when 
compared with those reeomputed and published in [1]. 
3. DEVELOPMENT OF THE 1-D LUMPED MODELS 
Simple solutions relying on a physical 1-D lumped model could be sought now under identical 
geometrical, hydrodynamic, and thermal circumstances utilized already for the 2-D differential 
model. The resulting simplified solutions may enable the analysts to quickly estimate mean bulk 
and wall temperatures, 85and 8w, of the internal fluid, as well as total heat transfer ates Qt 
because of a perfect balance between precision and simplicity. 
3.1. Use of a Local, Internal Convective Coetticient hi 
From the physics of the problem, the local, overall heat ransfer coefficient U (or the equivalent, 
local convective coefficient heq) links the heat exchange between an internal fluid flow and an ex- 
ternal fluid flow through adividing wall [11]. Ordinarily, U is written in terms of the local, internal 
convective coefficient hi that can be taken from a correlation equation based on an isothermal 
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or Dirichlet boundary condition, i.e., equation (A-2). Additionally, the circumferential-mean, 
external convective coefficient he is taken from the correlation equations (12). Consequently, the 
expression for U, written as 
1 1 1 
U(z)  - + (15) 
constitutes a harmonic mean involving on the one hand, the local, internal convective coeffi- 
cient hi(z), and on the other hand, the circumferential-mean, external convective coefficient he. 
Obviously, this equation may be rewritten compactly, via the appropriate Nusselt numbers, as 
follows: 
1 1 1 
Nueq(Z------~  Nui(Z-----~ + (ke/ki)N-u~" (16) 
To be consistent with a physical 1-D lumped model, it is imperative that the functions Nui(Z) 
and Nue must conform with the hypothesis of isothermal wall temperature Tw in the pertinent 
thermodynamic control volume. Basically, this information may be obtained from two funda- 
mental subproblems that are displayed iagrammatically in Figure 3. They are: 
• Subproblem 1: forced convection inside an isothermal-walled tube, and 
• Subproblem 2: forced convection ormal to an isothermal, solid cylinder. 
These aspects are explained in the Appendix. 
Tw l i  
(a) Internal forced convection i side an isothermal tube. 
(b) External forced convection around an isothermal cylinder. 
Figure 3. Two fundamental subproblems onforced convection phenomena which are 
articulated with the 1-D lumped model. 
In light of the foregoing, a 1-D lumped energy balance on a typical thermodynamic control 
volume placed inside the tube (see Figure 4) yields a lumped energy equation, along with the 
entrance boundary condition, both rephrased in dimensionless form: 
dOb 
d--g -- -2  [Nueq(Z)l 0b, 0b(0) = 1. (17) 
The dependent variable in this ordinary differential equation of first order is the mean bulk tem- 
perature Ob whose definition appears in equation (7) already. Also, it is noteworthy to emphasize 
that the crucial element in equation (17) is the equivalent, local Nusselt number Nueq(Z), which 
is given by equation (16). As expected, the preceding equation has to govern the step-by-step 
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interplay between the internal forced convection and the external forced convection in the cross- 
stream direction. Actually, the local Nusselt number Nui, exhibiting its characteristic monotonic 
decreasing variation with the axial coordinate Z, rendered an intractable Z-dependent character 
to the local, equivalent Nusselt number Nueq(Z). Here, the numerical values of Nu~(Z) may be 
taken from the correlation equation due to Churchill-Chu, equation (A-2) in the Appendix. On 
the other hand, the applicable correlation equation for the circumferential-mean external Nusselt 
number Nue is equation (12). Undisputable, the highly nonseparable character of equation (17) 
invariably necessitates the use of a numerical integration scheme, such as a fourth-order Runge- 
Kutta algorithm. The outcome of this integration produces the desired mean bulk temperature 
variation, Ob(Z). Of course, these marching calculations have to be carried out on a computer. 
o3 
...." I o_~2 IR oi 
I FLow 
Ax 
, Figure 4. Thermodynamic control volume for the I-D lumped model. 
Likewise, the other thermal quantity of importance in this convection problem is the wall 
temperature of the tube, 8w, especially for situations where the internal fluid stream is being 
heated and the rise of 0w with Z has to be observed closely. This local quantity 0w may be easily 
extracted from a suitable combination of two thermal resistances ( ee Figure 1); for example, 
Nuo,  (18) Ow=Ob 1 Nui ] "  
3.2. Use of a Streamwise-Mean, Internal Convective Coefficient~ hi 
A further simplification that the 1-D lumped model could experience will be explored in this 
subsection. Thus, equation (16) may be simplified rastically by supplanting the distribution for 
the local Nusselt number Nui(Z) by its corresponding streamwise-mean distribution N-'ui(L~). In 
reality, this operation requires the replacement of equation (15) by 
1 1 1 
+ _---.. (19) 
U(L) = -hi(L) he 
Consequently, this alternate route is beneficial because it furnishes a constant value of the mean, 
equivalent Nusselt number, N'-ueq(L~), which is given by 
1 1 1 
- -  + (20) 
i eq(L') = 
Here, the numerical values of N--ui(L ~) may be taken directly from Hausen correlation equation, 
equation (A-4). Invariably, the applicable correlation equation for the circumferential-mean ex- 
ternal Nusselt number Nu----, is still equation (12). Therefore, with this background in mind, 
equation (17) may be transformed to 
d0_.b.b = -2  [N'~eq(L')] 8b, /~b(0) = 1. (21) dZ 
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Now, this ordinary differential equation of first order is separable because Nueu in equation (20) 
is simply a number that needs to be evaluated at several discrete axial downstream stations L~, 
where the mean bulk temperature 0b has to be computed. Accordingly, the analytical solution 
of equation (21) is readily given by a single-term exponential function: 
0b(L') = exp {--2 [N--ueq(L')] L'}. (22) 
Evaluation of this algebraic relation is straightforward and may be carried out by hand or with 
a pocket-size calculator to expedite the calculations. Therefore, by choosing various axial sta~ 
tions L ~ (normally 0 < L ~ < 1 suffices) in the region of thermal development of the tube, an 
approximate mean bulk temperature distribution Oh(if) may be rapidly determined in a point- 
by-point manner. 
The proposed 1-D lumped approach relying on algebraic alculations eems to be advanta- 
geous because by virtue of equations (20) and (22), an analytical correlation equation for the 
dimensionless total heat transfer 12, and not for the tube Nusselt number, may be constructed 
immediately. That is, 
where -- 1 [  1 ] 
= + + " (24) 
Here, Steq = Nueq/Rei Pri designates the streamwise-mean, equivalent Stanton number which 
basically consists of two additive terms: the streamwise-mean internal Nusselt number N-ui, and 
the circumferential-mean external Nusselt number Nue. The last term is weighted by the fluid- 
to-fluid thermal conductivity ratio. 
Similarly, the wall temperature 0w may be computed from the equivalent, mean-based version 
of equation (18), but now particularized at L': 
0 w = 0 b (1 Nueq ) (251 
At this juncture, it is important o realize that the previous 1-D lumped model was based on 
the local quantity Nueq and required numerical integration. In contrast, the present calculation 
procedure based on the mean quantity Nueq does not possess marching integration characteristics. 
3.3. Calculation Procedure  
In terms of primitive variables, the appropriate integration results in a function that involves 
several variables and parameters, namely, Tb = f(L/D, Rei, Ph, Ree, Pre, ke/ki). Undoubtedly, 
the controlling parameters for the estimation of the strength of forced heat convection ormal 
to the tube are the external Reynolds number Ree, the external Prandtl number Pre, and the 
fluid-to-fluid thermal conductivity ratio ke/ki. These quantities become important ingredients 
for the calculation of N-'ue(L ~) at any preassigned axial station L ~ along the heat exchange region 
of the tube. Hence, the required step-by-step calculation procedure for the quantification ofNueq 
is summarized as follows. 
1. Select a sequence of axial stations L~. 
2. Assume a value of the wall temperature 0w at each station L ~. 
3. Estimate the values of the thermophysical properties at a film temperature T I. 
4. Calculate the external Reynolds number Ree. 
5. Compute the mean Nusselt numbers: N"u~, N-'ue, and N--ueq at L'. 
6. Evaluate the mean bulk and wall temperatures: 0b and 0w at L ~. 
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As may be realized, the preceding steps are so simple that they may be easily performed by hand 
or with a pocket-size calculator. 
Although the tube Nusselt number is traditionally the main focus of the presentation of results 
for the majority of forced convection problems [4,5], there are good reasons for not giving it top 
priority here. The essential fact is that, in the present problem, this Nusselt number contains 
three unknown quantities: Tb, T~, and qw, all functions of Z. 
The mean bulk temperature sults obtained with the I-D lumped model and the hand made 
calculation will now be compared with the more accurate computerized results provided by the 
numerical solution of the 2-D differential model using the finite volume method. The validity of 
the 1-D lumped model and its algebraically-determined solution, 8b(L~), will be demonstrated for 
a critical condition dictated by a vigorous heat rejection by the action of normal forced convection 
from the outer wall of the tube to the external fluid. Inspection of Figure 1 reveals that in the 
limit of large Biot numbers (either a large N---ue or a large ke/ki), the external convective resistance 
vanishes and the wall temperature Tw tends to coincide with the free-stream temperature Too of 
the external fluid. This extreme situation is manifested by a dominant single resistance only (i.e., 
the internal convective resistance) and of course ensures the simplification of Nueq(L) to N-ui(L) 
in equation {20). Upon introducing equation {20) into equation (22), the mean bulk temperature 
distribution linked to a limiting isothermal wall condition {Dirichlet boundary condition) must 
be recovered. Figure 5 attests the accuracy of these ~b-values supplied by the 1-D lumped model 
when compared with the benchmark results of the corresponding 2-D differential model. The 
latter is taken from Table 13 in [1]. In addition, notice that the 8b-curve in Figure 5 experienced 
the maximum sweeping from the original horizontal position, i.e., the entrance condition/~ = 1. 
To facilitate the visualization, this is indicated by a shaded area in the figure. 
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Figure 5. Comparison of tim mean bulk temperature distribution of the internal fluid 
flow for the limiting case of a Dirichlet boundary condition. 
4. PRESENTATION AND DISCUSSION OF  THE RESULTS 
The thermo-fluid ynamic problem is controlled by two geometrical parameters, the tube diam- 
eter D and the tube length L; two hydrodynamic parameters, the internal Reynolds number Rei 
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and the external Reynolds number Ree; and three thermal parameters, the internal Prandtl num- 
ber Pr~, the external Prandtl number Pre, and the thermal conductivity ratio ke/ki, respectively. 
Due to an abundance of parameters, a full parametric study is impossible and because of this 
limitation, some of the parameters will be kept fixed. 
Table 1 contains six typical cases of practical importance illustrating the approximate mag- 
nitudes of the thermal conductivity ratios ke/ki for a preselected combination of fluids at two 
different emperatures To (the inlet temperature) and T~ (the free-stream temperature), respec- 
tively. The fluids chosen are the three most used fluids in industrial applications. In the table, 
the largest value of ke/ki is 14.30 for a combination of air inside and water outside, whereas the 
smallest value of ke/k~ -- 0.05 relates to a situation having water inside and air outside. Notice 
also that oil was not contemplated as an outer fluid, simply because the corresponding values of 
ke/ki for the possible combinations of air, oil, and water inside and oil outside produced numbers 
that fall between 0.05 and 14.3. 
Table 1. Values of the thermal conductivity ratio for standard fluids ke/ki. 
k~ Case Inner Fluid Outer Fluid - -  
ki 
1 air water 14.30 
2 oil water 4.55 
3 water water 0.95 
4 air air 0.95 
5 oil air 0.20 
6 water air 0.05 
To conserve journal space, the mean bulk and wall temperatures computed with the local, 
internal convective coefficient hi and a Runge-Kutta lgorithm are not presented. The reason for 
this decision is because those results are coincident with the easier ones based on a streamwise- 
mean, internal convective coefficient, h~, and an algebraic omputation. 
The distributions of the dimensionless mean bulk and wall temperatures are presented in Fig- 
ure 6 in block form for a normal flow of air (Pre = 0.7) ranging from laminar to turbulent 
conditions. The various curves appearing in each figure are parameterized by the thermal con- 
ductivity ratio ke/ki, the external Reynolds number Ree, and the external Prandtl number Pre. 
The numerical values of ke/ki chosen are: 0.95, 0.2, and 0.05, respectively. The external Reynolds 
number Ree ranged from 20 to 6 x 104. It should be recalled that Ree for the external forced 
flow is unrelated to Rei for the internal forced flow. 
Consideration is first given to Case 4 described by an almost identical conductivity ratio near 
to one, ke/k~ = 0.95 (air inside/air outside). Figure 6a approximately corresponds to values of a 
circumferential-mean, external Nusselt number Nue going from 2.56 to 165.84 and displays the 
family of mean bulk temperature curves. Here, it is observed that as Ree increases, the 0b-curves 
show a rapid decrease with L ~. This behavior is due to the relatively high rates of heat transfer 
associated with the prevailing strong external forced convection for large Nue. The 1-D lumped 
and the 2-D differential results for 0b (a global quantity) are indistinguishable. The comportment 
of the third curve suggests to associate it with the critical Reynolds number Reec = 1 × 104. This 
is indicative of a near uniform wall temperature, in other words, a limiting Dirichlet boundary 
condition has been achieved. 
Next, for Case 5 identified by a thermal conductivity ratio ke/k~ = 0.2 (air outside/oil inside) 
in Figure 6c, the strength of the forced convection is dictated by the same values of Ree utilized 
before. However, in contrast with Figure 6a, the curves are not spread out but are more clustered. 
The 0b-CUrves exhibit a less pronounced ecay with increasing values of Ree. In general terms, 
a good agreement between the 1-D lumped and the 2-D differential results is observed for all of 
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Figure 6. Comparison of the mean bulk and wall temperature distributions. 
the 0b-curves throughout the entire region of thermal development. Under these circumstances 
the critical Reynolds number is Reec = 500. 
Ultimately, an additional test for the 1-D lumped-parameter methodology is portrayed in Fig- 
ure 6e for a very small value of the thermal conductivity ratio ke/ki = 0.05 (water inside/air 
outside) related to Case 6. All curves exhibited a unique pattern where all collapse into one 
regardless of the value of Ree. The proximity between the mean bulk-temperature curves reaffirms 
the fact that at any axial station, the fluid is almost isothermal in the tube cross section. The 
shape of the curves is identical to the bottom one produced by a Dirichlet boundary condition, and 
for practical purposes the critical Reynolds number can be taken as Reec = 20, or perhaps less. 
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5. CONCLUDING REMARKS 
From an overall examination of the figures, a fixed fluid and a preselected Ree, the thermal 
conductivity ratio ke/ki is seen to have a dramatic effect in the cooling process of internal fluid 
flows modifying the magnitude of the external thermal resistance by convection. In each of the 
figures, the comparison was carried out for low, intermediate, and high values of the external 
Reynolds number Ree and a fixed external Prandtl number Pre. It may be observed that the 
results based on the 1-D lumped formulation are excellent for the entire family of curves in 
Figure 6. This trend serves to demonstrate that as the thermal conductivity ratio ke/ki increases, 
the critical Reynolds number Reec that leads to the limiting isothermal wall boundary condition 
(Dirichlet boundary condition) tends to decrease drastically. 
In retrospect, it can be said that the 2-D differential formulation accounting for a linear bound- 
ary condition can be safely replaced by a simple 1-D lumped formulation. The former is compu- 
tationally intensive, whereas the latter, being physically oriented, provides an adequate vehicle 
for the instruction of heat convection topics in courses of thermal physics. 
In sum, heat ransfer calculations with a 1-D lumped method can be made for any Biot number 
in a direct manner, without he necessity of resorting to elaborate analytical solutions [4,5] and 
interpolating the eigenquantities n tables. 
APPENDIX  
FUNDAMENTAL SOLUTIONS FOR THE 
IMPLEMENTATION OF 1-D LUMPED MODELS 
A.1. INTERNAL FORCED CONVECTION INSIDE A TUBE WITH A 
D IR ICHLET  (CONSTANT TEMPERATURE)  BOUNDARY CONDIT ION 
Attention is directed to the analysis of a related, but simpler problem connected with internal 
forced convection in a tube flow carrying a fluid with fully established laminar velocity w(r) = 
2E(1 - r2/R 2) and uniform temperature To at the entrance of the heat exchange region. In 
contrast, now a uniform temperature Tw is applied at the tube wall, r -- R, i.e., an isothermal 
(Dirichlet) boundary condition. Under these circumstances, equations (1)-(3) are still valid, 
but the convective (Robin) boundary condition of equation (4) has to be replaced by a simple 
Dirichlet boundary condition: 
0(Z, 1) = 0. (A-l) 
It should be mentioned that accurate calculations for this problem, the classical Graetz problem, 
accounting for more than 121 eigenquantities have been carried out by Shah [1]. For this particular 
case, the temperature d velopment of the internal fluid may be conveniently represented by a 
local or a streamwise-mean, internal Nusselt number as a function of the dimensionless axial 
position Z. As mentioned before, the Nusselt number is a dimensionless group that basically 
represents an internal convective coefficient hi. This information constitutes standard material 
in textbooks on heat transfer (see, for instance, [11]). Evidently, the Nusselt representation for 
isothermal tubes upplies one fundamental solution for the subproblem associated with the internal 
convection part. 
Applying regression analysis to the computed temperature distribution 0(Z, ~}), several correla- 
tion equations for Nui with different levels of complexity have been proposed by investigators [1,2]. 
Among them, the one recommended byChurchill and Ozoe [12] will be adopted here: 
Su,(Z) 5.357 [1 + (61.752z)-S/9] 3/8 = - 1.7. (A-2) 
Furthermore, the streamwise-mean distribution of the Nusselt number N-'ui(L~),defined as 
1 ~0 L' N"ui(L') = ~-7 Nui(Z) dZ (A-a) 
CAR~ 34-10-[ 
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may be taken from the Hausen correlation equation [13]: 
0.134/L' 
Nu~(L') = 3.657 ÷ (A-4) 
1 + 0.064/L '2/3' 
which is also the product  of regression analysis. Here, L ~ = L /R  Pei denotes an specific axial 
variable L, but in dimensionless form. 
A .2 .  EXTERNAL FORCED CONVECTION FLOW 
NORMAL TO A TUBE WITH A D IR ICHLET 
(CONSTANT TEMPERATURE)  BOUNDARY CONDIT ION 
In principle, the circumferential-mean external  Nusselt number Nue needed for the behavior 
of the in-tube flow may be associated with that  of an isothermal solid cylinder. This aspect 
has been discussed previously and does not need to be repeated. From a conceptual viewpoint,  
this subproblem corresponds to laminar / turbu lent  forced convection normal  to an isothermal,  
solid circular cylinder. Therefore, Nue may be taken from the set of comprehensive correlat ion 
equations, i.e., equation (12). 
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